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An Infinite Level Atom coupled to a Heat Bath 
Martin Koenenberc^] 



Abstract. We consider a W'-dynamical system (SJt^r), which 
models finitely many particles coupled to an infinitely extended heat 
bath. The energy of the particles can be described by an unbounded 
operator, which has infinitely many energy levels. We show existence 
of the dynamics r and existence of a (j3, r) -KMS state under very 
explicit conditions on the strength of the interaction and on the inverse 
temperature /3. 
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1 Introduction 

In this paper, we study a VF*-dynamical system (pJtp,r) which describes a 
system of finitely many particles interacting with an infinitely extended bosonic 
reservoir or heat bath at inverse temperature (3. Here, VJlp denotes the W*- 
algebra of observables and r is an automorphism-group on 9Jlp , which is defined 
by 

n (X) := e l * £ « Ie-" £ «, X G Mp, t G R. (1) 

In this context, t is the time parameter. Cq is the Liouvillean of the dynamical 
system at inverse temperature /?, Q describes the interaction between particles 
and heat bath. On the one hand the choice of Cq is motivated by heuristic 
arguments, which allow to derive the Liouvillean Cq from the Hamiltonian H of 
the joint system of particles and bosons at temperature zero. On the other hand 
we ensure that Cq anti-commutes with a certain anti-linear conjugation J , that 
will be introduced later on. The Hamiltonian, which represents the interaction 
with a bosonic gas at temperature zero, can be the Standard Hamiltonian of the 
non-relativistic QED, (see or instance [2]), or the Pauli-Fierz operator, which is 
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defined in [71 H] , or the Hamiltonian of Nelson's Model. We give the definition 
of these Hamiltonians in the sequel of Definition [IT] 
Our first result is the following: 

Theorem 1.1. Cq, defined in (|16p . has a unique self-adjoint realization and 
T t (X) E fflp for all tell and all X £ Mp. 

The proof follows from Theorem 14.21 and Lemma 15.21 The main difficulty in 
the proof is, that Cq is not semi-bounded, and that one has to define a suitable 
auxiliary operator in order to apply Nelson's commutator theorem. 
Partly, we assume that the isolated system of finitely many particles is con- 
fined in space. This is reflected in Hypothesis [TJ where we assume that the 
particle Hamiltonian H e i possesses a Gibbs state. In the case where H e i is a 
Schrodinger-operator, we give in Remark 12.11 a sufficient condition on the ex- 
ternal potential V to ensure the existence of a Gibbs state for H e i . Our second 
theorem is 

Theorem 1.2. Assume Hypothesis^ and that Qq £ dom(e~ (/3/2)(£o+<3) ). Then 
there exists a ((3,t)-KMS state uj^ on 9Jt^. 

This theorem ensures the existence of an equilibrium state on DJlp for the 
dynamical system (£0T^,t). Its proof is part of Theorem 15.31 below. Here, Co 
denotes the Liouvillean for the joint system of particles and bosons, where the 
interaction part is omitted. J7q is the vector representative of the (/3, r)-KMS 
state for the system without interaction. In a third theorem we study the 
condition £ dom(e-^/ 2 ^ Co +Q s >): 

Theorem 1.3. Assume Hypothesis^ is fulfilled. Then there are two cases, 

1. IfO ^ 7 < 1/2 and ^ (1 + p) < 1, then fi^ £ dom(e-^ 2 ( £o+< 3)). 

2. If-/ = 1/2 and (1 + j 8)(j? 1 + v 2 ) < 1; then fl? £ dom( e - f! ^^ c " + ^). 

Here, 7 £ [0, 1/2) is a parameter of the model, see (|3"12]) and r n i ,r] 2 are parame- 
ters, which describe the strength of the interaction, see (|32| . In a last theorem 
we consider the case where H e i = — A q + Q 2 q 2 and the interaction Hamiltonian 
is A q$(f) at temperature zero for A 7^ 0. Then, 

Theorem 1.4. fi^ is in dom(e~ l3 ^ 2< - Co + Q ^) for all j3 £ (0, 00), whenever 

120-^1 |||fc|- 1/2 /lk, < 1- 

Furthermore, we show that our strategy can not be improved to obtain a result, 
which ensures existence for all values of A, see (|60]) . 

In the last decade there appeared a large number of mathematical contribu- 
tions to the theory of open quantum system. Here we only want to mention 
some of them [3] [6] [9l QJJ [13l [141 [H]> which consider a related model, in 
which the particle Hamilton H e i is represented as a finite symmetric matrix 
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and the interaction part of the Hamiltonian is linear in annihilation and cre- 
ation operators. In this case one can prove existence of a j3- KMS without any 
restriction to the strength of the coupling. (In this case we can apply Theorem 
11.31 with 7 = and rj — 0). We can show existence of KMS-states for an infi- 
nite level atom coupled to a heat bath. Furthermore, in [6] there is a general 
theorem, which ensures existence of a (f3, r)-KMS state under the assumption, 
that fi£ € dom(e-^/ 2 ) Q ), which implies G dom( e - ( ' 3/2)(£o+Q) ). In Remark 
17.31 we verify that this condition implies the existence of a ((3, r)-KMS state in 
the case of a harmonic oscillator with dipole interaction \q ■ $(/), whenever 
(l + /3)A||(l + |fc|- 1 /2)/||«i. 



2 Mathematical Preliminaries 

2.1 Fock Space, Field- Operators and Second Quantization 

We start our mathematical introduction with the description of the joint system 
of particles and bosons at temperature zero. The Hilbert space describing 
bosons at temperature zero is the bosonic Fock space J-b, where 

oo n 

T h := T h \U ph \ := C®$^, H$ := §§U ph . 

n—l sym 

Hph is either a closed subspace of L 2 (R 3 ) or L 2 (R 3 x {±}), being invariant un- 
der complex conjugation. If phonons are considered we choose Hph — L 2 (R 3 ), 
if photons are considered we choose H p h = £ 2 (R 3 x {±}). In the latter case 
" + " or "-" labels the polarization of the photon. However, we will write 
(f\g)-H ph '■= J f(k) g(k) dk for the scalar product in both cases. This is 
an abbreviation for X] P = ± / fi^iP) 9(k,p) dk in the case of photons. 

^■ph ^ S ^ ne fi-fold symmetric tensor product of Hph, that is, it contains all 
square integrable functions /„ being invariant under permutations ir of the 
variables, i.e., / n (fci, k n ) = f n {K(i), ■ ■ ■ > K(n))- For phonons we have 
kj G R 3 and kj E R 3 x {±} for photons. The wave functions in W p l h are states 
of n bosons. 

The vector := (1, 0, . . .) G Th is called the vacuum. Furthermore we denote 
the subspace Tb of finite sequences with Tb n '■ On Tb^ m the creation and 
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annihilation operators, a*(h) and a(h), are denned for h G H p h by 

(a*(h)f n )(k u ...,k n+1 ) (2) 

n+1 

= (U + \y 1/2 ^2 h(ki) fn(h, • • • , h-1, fct+1, • • • , fcn+l), 

(a(/i)/ n+ i)(fci,...,fc„) (3) 
= (n + 1) 1/2 y h(k n+1 ) fn+iih, . . . , fc„ + i) rffc„+i, 

and a*(/i)ft = h, a{h)Q = 0. Since a*(h) C (a(/i))* and a(/i) C (a*(h))*, 
the operators a* (ft-) and a(h) are closable. Moreover, the canonical commuta- 
tion relations (CCR) hold true, i.e., 

\a(h),a(h)} = [a*(h),a*(h)} = 0, [a(h),a*(h)} = (h\h) Hph . 

Furthermore we define field operator by 

:= 2' 1 ' 2 (a(h) + a*(h)), h G U ph . 

It is a straightforward calculation to check that the vectors in T\/ m are analytic 
for $(ft). Thus, $(K) is essentially self-adjoint on T\> n ■ In the sequel, we will 
identify a*(h), a(h) and &(h) with their closures. The Weyl operators W(h) 
are given by W(h) = exp(i$(ft)). They fulfill the CCR-relation for the Weyl 
operators, i.e., 

W(h)W(g) = exp(i/2Im{h\g) nph )W(g + h), 

which follows from explicit calculations on T^ m . The Weyl algebra W(f) over 
a subspace f of H p h is defined by 

W(f) := clLH{TT(.g) G B{T b ) : g G f}. (4) 

Here, cl denotes the closure with respect to the norm of B{Fb) 1 and "LH" 
denotes the linear hull. 

Let a : R 3 — > [0, oo) be a locally bounded Borel function and dom(a) := {/ G 
T~Lph ■ af G H p h}- Note, that (af)(k) is given by a(k) f(k,p) for photons. 
If dom(a) is dense subspace of Hph, ce defines a self-adjoint multiplication 
operator on H p h- In this case, the second quantization dT(a) of a is defined 
by 

(dT(a)f n )(k 1 ,...,k n ) := (a(fei) + a(fc 2 ) + • • • + a(k n )) f n {ki, . . . , k n ) 
and dT(a) SI = on its maximal domain. 
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2.2 HlLBERT SPACE AND HAMILTONIAN FOR THE PARTICLES 

Let T-Lei be a closed, separable subspace of L 2 (X, dfi), that is invariant under 
complex conjugation. The Hamiltonian H e i for the particle is a self-adjoint op- 
erator on T-Lei being bounded from below. We set H e i.+ := H e i — inf a(H e i) + 1. 
Partly, we need the assumption 

Hypothesis 1. Let f3 > 0. There exists a small positive constant e > 0, and 

TT H A^ [P ' t)H ' 1 } < oo. 
The condition implies the existence of a Gibbs state 

u&(A) = Z- 1 Tr Hel {e-P H ° l A}, A G B(H el ), 
forZ = Tr„ si {e-' 3 ^}. 

Remark 2.1. LetH e i = L 2 (R n ,d n x) and H el = -A x + Vi + V 2 , where V\ is 
a —A x -bounded potential with relative bound a < 1 and Vi is in L^ oc (lR n , d n x). 
Thus H e i is essentially self-adjoint on C™(R"). Moreover, if additionally 

J e -{0-e)V 2 (x) d n x< ^ ^ 

then one can show, using the Golden-Thompson-inequality, that Hypothesis^ 
is satisfied. 

2.3 HlLBERT SPACE AND HAMILTONIAN FOR THE INTERACTING SYSTEM 

The Hilbert space for the joint system is T~L :— H e i <Ei J~b- The vectors in H are 
sequences / = (f n )neK of wave functions, /„ € H e i <8> n£h , obeying 

h n ^ fn{x, k n ) G TL^ for /i- almost every x 
x ^ fn(x, k n ) € Wei f° r Lebesgue - almost every k n , 

where k n = (k\, . . . , k n ). The complex conjugate vector is / := ( f n )„£N - 
Let G J := {G{} keK 3, H j := {H J k } kel£l 3 and F := {F k } keWi 3 be families 
of closed operators on H e i for j = l,...,r. We assume, that dom(F^") D 

1 /2 

dom(Hj , ) and that 

k ^ Gl (Hi), F k H-]l\ (FuYH^l 2 G B(H e i) 

are weakly (Lebesgue-)measurable. For <fi G dom(i?g/^_) we assume that 

k i ^ (Gj 0)(:c), (JT* ^)(x), (F fe 0)(a;) g U ph , (6) 
* ^ ((G{)* 4>)W, ((HIT <P)(x), ((F k )* <f>)(x) G ft ph , for a; G X. (7) 
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Moreover we assume for G = (G\ . . . , G r ), H := (if 1 , ... , H r ) and F. that 
\\G\\ W < oo, ||-ff|| tt < oo, ||i 1 || u , i i/2 < oo, 

where 

11^ IIS, := / Hk) + a(fc)- 1 ) (||(Gi)*||| (Hei) + ||Gil|| (He!) ) dk 

r 

\\G\\w : = ^ ll^jllwi 11-^11^,1/2 ll i? - ff ei, + 2 |l?« + \\ F * H eL + 2 \\w- 

We define for / = (/ n )^=o e d° m (-^e/+) ® •7 7 {f i ™ ^ ne (generalized) creation 
operator 

(o*(F) /„)(a;, fci,..., fc n+1 ) (8) 

n+l 

:= (n + 1)~ 1/2 y^(F fc< /„)(a;, fei, . . . , ki-i, k i+ i, k n+1 ) 

i=l 

and a(F) fo(x) = 0. The (generalized) annihilation operator is 

(a(F) f n+1 )(x, k u ...,k n ) (9) 
:= (n + l) 1 / 2 J(FZ n+ J n+1 )(x, k lt ...,k ) dfc n+1 . 

Moreover, the corresponding (generalized) field operator is $>(F) := 
2- 1 / 2 (a(F) + a*(F)). is symmetric on dom^ 1 /^) ® F[ ln . The 

bounds follow directly from Equations ([S} and ©• 

||a(F)^ 2 /ll?i < / I^Wr 1 !!^^ 2 llB ( « ri )dfc-||dT(l«l) 1/2 /ll&0) 

||a*(F)^ 2 /ll^ < / l^r 1 !!^^ 2 !!^)*-!!^!"!) 172 /^ 

+ / \\FkH^\\l {Hel) dk-\\ff u . 

For {G k y, (H k y G B(U e i), the factor fl^ 2 can be omitted. The Hamiltoni- 
ans for the non-interacting, resp. interacting model are 

Definition 2.2. On &om(H e i) <g> dom(dT(a)) n J 7 /™ we de/me 

F := ff e ; ® 1 + 1 ® dT(a), H := H + W, (11) 

w/iere := $(G)$(/i) + h.c. +$(F) and $(G)$(/i) := 

X^=i ^(G- 7 ) $(-£P). 27ie abbreviation "h.c. " means the formal adjoint operator 
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We give examples for possible configurations: 
Let 7 g R be a small coupling parameter. 

► The Nelson Model: 

H e i C L 2 (R 37V ), H el := -A + V, H ph = L 2 (R 3 ) and a(k) = \k\. The form 
factor is F k = 7 £^ =1 e _ifa " |ft| -1 / 2 l[|fc| k], x v g R 3 and W, G' J = 0. 

► The Standard Model of Nonrelativistic QED: 

U d C L 2 (R 3N ), H el := -A + V, H ph = L 2 (R 3 x {±}) and a(k) = \k\. The 
form factors are 

N 

F k = 4 7 3 / 2 7r- 1 / 2 ^HV x „-e(A : ,p)) e -^ 1/2fe ^(2|A : |)- 1 / 2 l[|fc| < «]+h.c, 

L/=l 

G*> = flt" - 2 7 3 / 2 7r- 1 / 2 e 4 (fc,p) e -^ 1/2 ^(2|A : |)- 1 / 2 l[|fc| < k] 

for i = 1, 2, 3, z/ = 1, . . . , N, x v g R 3 and k = (fc,p) e R 3 x {±}. e,(fc, ±) € 
R 3 are polarization vectors. 

► The Pauli-Fierz-Model: 

Ha C L 2 (M 3N ), H el := -A + V, ftp* - L 2 (R 3 ) or H ph - L 2 (R 3 x {±}), 
and a(k) = \k\. The form factor is F k — 7^^ =1 l[|fc| < k] k ■ x v and 
G j k = Hl=0 



3 The Representation n 

In order to describe the particle system at inverse temperature j3 we introduce 
the algebraic setting. For f = {/ g "H p h : a -1 / 2 / g "H p h} we define the 
algebra of observables by 

21 = B(H el )<E)W(f). 

For elements A g 21 we define f t °(A) := e i4 ^Ae" itff| i and 

f£ (A) :— e ltH Ae~ ltH . We first discuss the model without interaction. 

3.1 The Representation 717 

The time-evolution for the Weyl operators is given by 

e itH w ^ e -itH = W ( e ita 

For this time-evolution an equilibrium state ujj is defined by 

= </l(l + 2^) f)u ph , 

where Qp(k) = ( exp(/3 a(fc)) — l) .It describes an infinitely extended gas 
of bosons with momentum density gp at temperature j3. Since ujj is a quasi- 
free state on the Weyl algebra, the definition of us^ extends to polynomials of 
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creation and annihilation operators. One has 

f(a(/)) = wf(a*(/)) = W J(a(/)aG/)) = W J(a*(/)a*( ff )) = 0, 
Uf(a*{f)a{g)) = (g\ g f3 f) Hph - 



For polynomials of higher degree one can apply Wick's theorem for quasi-free 
states, i.e., 

^K 2 -(/ 2ro )---a CTl (/i)) = E II (a" (/0a^ (/,)), (12) 

PG-Z 2 {i,j}£P 

where a CTfc = a* or a"* = a for fc = 1, . . . , 2m. Z2 are the pairings, that is 
P E Z 2 , iff P = {Qi, • • • , Q m ], #Q 4 = 2 and U™ 1 Qi = {1, ■ • • , 2™}. 
The Araki- Woods isomorphism 717 : W(f) — > <g> .Ft) is defined by 

TT f [W(f)\ := Vty(/) := exp(i $„(/)), 

:= $((1 + e fl ) 1/2 /)®i + i®*(eJ /2 7)- 

The vector := Q <g> fulfills 

= (fiflx^/)]^). (13) 

3.2 The representation 7r e( 

The particle system without interaction has the observables B(H e i), the states 
are defined by density operators p, i.e., p e B(H e i), ^ p, Tr{p} = 1. The 
expectation of A € B(H e i) in p at time £ is 

Tr{pe itH °> Ae~ itH ' 1 }. 

Since p is a compact, self-adjoint operator, there is an ONB (<fi n )n of eigenvec- 
tors, with corresponding (positive) eigenvalues (p n ) n . Let 

00 

a(x, y) = Y.pI^M^Mv) eUei®H e i. (14) 

n=l 

For ip G Wei we define aip :— J <r(x, y) ip(y) dp(y). Obviously, a is an operator 

of Hilbert-Schmidt class. Note, aip := aip has the integral kernel a(x, y). It 
is a straightforward calculation to verify that 

Tr{pe* tH *'Ae-* tH ^} = ( e ~ itCel a\(A®\) e~ itc "'<T )u el ®H el i 

where C e i — H e i®l — l®H e i. This suggests the definition of the representation 

n el : B{U e i) -> B{U e i ® H e i), A^A®1. 
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Now, we define the representation map for the joint system by 

7r : 21 — >• B(fC), 7r := ir e i ® 717, 

where /C := "H e / ® ® J 7 ^ ® J 7 ^. Let 9% := 7r[2l]" be the enveloping W*- 
algebra, here 7r[2l]' denotes the commutant of 7r[2l], and 7r[2l]" the bicommutant. 
We set V :— U\ ® U\ <E> C, where C is a subspace of vectors in T[ m ® F[ m , 
with compact support, and U\ := U^ =1 ran l[H e i ^ n]. On T> the operator £0, 
given by 

C a := C e i ® 1 + 1 <S> £/, on /C, 

£/ := dT(a) (g> 1 - 1 ® cfl?(a), on J" 6 ® J" 6 , 

is essentially self-adjoint and we can define 

t?(X) := e ltCo Xe- ttCo X € fflp, igR, 

It is not hard to see, that 

7r[f t V)] = ifW-A]), 4 e2t, iel 

On /C a we introduce a conjugation by 

J' (</>i <£> 4>2 ® i>i <8> ^2) = 02 <8> 0i ® V>2 ® V'l- 

It is easily seen, that J Cq — —Co J ■ In this context one has 9Jt^ = JVJip J , 
see for example [4]. In the case, where H e i fulfills Hypothesis [TJ we define the 
vector representative f2^ ; G ® Hei of the Gibbs state u> l3 l as in (fH)) for 

P = e -^z- 1 . 

Theorem 3.1. Assume Hypothesis \T\ is fulfilled. Then, J7q := f2^ <E> is a 
cyclic and separating vector for 9Jlp. e~P/ 2C ° is a modular operator and J is 
the modular conjugation for SIq , that is 

IOgedom(e^ /2£ "), J X il = er' 3 / 2 c ° X* fig (15) 

/or a/Z X G 971^3 cm<i £0 ^0 — 0. Moreover, 

4{x) := (n%\xn$) K , xeVJi 

is a (r°, /3)-KMS-state for Mp, i.e., for all X,Y e exists Fp(X, Y, ■), 
analytic in the strip Sp — {z G (D : < Imz < /3}, continuous on the closure 
and taking the boundary conditions 

Fp(X,Y,t) = u>g(XT°(Y)) 
F p {X,Y,t + ij3) = <4tf{Y)X) 

For a proof see [33] . 
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4 The Liouvillean Cq 

In this and the next section we will introduce the Standard Liouvillean Cq for 
a dynamics r on DJlp, describing the interaction between particles and bosons 
at inverse temperature j3. The label Q denotes the interaction part of the 
Liouvillean. it can be deduced from the interaction part W of the corresponding 
Hamiltonian by means of formal arguments, which we will not give here. In 
a first step we prove self-adjointness of Cq and of other Liouvilleans. A main 
difficulty stems from the fact, that Cq and the other Liouvilleans, mentioned 
before, are not bounded from below. The proof of self-adjointness is given 
in Theorem 14.21 it uses Nelson's commutator theorem and auxiliary operators 
which are constructed in Lemma B~T1 The proof, that Tt(X) £ 9Jlp for X £ dJlp, 
is given in Lemma 15.21 Assuming fig £ dom.(e^^^ 2< - Co+ ^) we can ensure 
existence of a (r,/3)-KMS state u/(A) = (f^ \X fV 3 ) • ||f^||- 2 on Tip, where 
Q@ = e~ /3 / 2 ( £o+( 2)f2Q. Moreover, we can show that e~ l3CQ is the modular 
operator for OP and conjugation J . This is done in Theorem 15.31 
Our proof of 15.31 is inspired by the proof given in [6] . The main difference is 
that we do not assume, that Q is self-adjoint and that SIq £ dom(e - ^). For 
this reason we need to introduce an additional approximation Qn of Q, which 
is self-adjoint and affiliated with dJlp, see Lemma ISTTl 

The interaction on the level of Liouvilleans between particles and bosons is 
given by Q , where 

r 

Q := <S> fi {G)<S> l3 {H) + h.c. +$ P (F), $p(G") &p(H) := S^G*) 

For each family K = {Kk]k of closed operators on H e i with ||-K"|| w> i/2 < oo we 
set 

$l,(K) := (a*((l + Qpf^K)® 1 + l®a*(^ /2 K*)) + h. c. . 

Here, Kf~ acts as Kk ® 1 on H e i ® W e i- A Liouvillean, that describes the 
dynamics of the joint system of particles and bosons is the so-called Standard 
Liouvillean 

C Q := (C + Q - Q J ) 0, cb£V, (16) 

which is distinguished by J Cq — —Cq J . For an operator A, acting on /C, the 
symbol A J is an abbreviation for J A J. An important observation is, that 
[Q , Q J ] = on T>. Next, we define four auxiliary operators on T> 

:= (H e i,+ <8> 1 + 1 ® H e i,+) ® 1 + 1 ® £/,„ + 1 (17) 
£< 2 > := + (^+)- 7 + cil ® £/,„ + c 2 

4 3) : = #2+ + (HeL+) J + cil £/,„ + c 2 

£^ := i? ei , + ®l + (^ + ) J + cil(»/: /:a + c 2 , 



An Infinite Level Atom 



11 



where Cf. a is an operator on Th ® T and + acts on JC. Furthermore, 

C fia = dT(l + a) ® 1 + 1 ® dT(l + a) + 1, 
£ ei , a = H eh+ + H eL+ H® + := H eU+ ® 1 + Q. 

Obviously, Ca , i = 1, 2, 3, 4 are symmetric operators on T>. 

Lemma 4.1. For sufficiently large values o/ci, C2 ^ we have that C a , i = 
1, 2, 3, 4 are essentially self-adjoint and positive. Moreover, there is a constant 
C3 > such that 

C3- 1 H4 1 ) 0|| < <*|| < 011, e dom(£W). (18) 

Proof. Let a, a' € {^, r} and iQ, i = 1, 2 be families of bounded operators 
with H-fQH™ < 00. Let ®i(Ki) = <$>{Ki) ® 1 and $ r (iiQ) := 1 <g> We 
have for G 15 

||$a(^i)$a'(r/^ 2 )0|| < const II £ /i0 0|| (19) 

||$ a (»jF)0|| < COnSt ||(-CeI,a) 1/2 (^/,«) Va II, 

where 77, 7/ g {(l + g^) 1 / 2 , Q 1 ^ 2 }. Note, that the estimates hold true, if 3> a (nKi) 

or <& a (7yF) are replaced by ^^(rjKi)^ or ^(Tyi* 1 )^. Thus, we obtain for suffi- 
ciently large ci > 1, depending on the form- factors, that 

||Q0|| + \\Q J (p\\ < l/2||(£ ei , a + ci£ M )0||. (20) 

By the Kato-Reffich-Theorem ( [If, Thm. X.12) we deduce that C a l) is self- 
adjoint on dom(£ e / iQ + c\ Cf. a ), bounded from below and that C e i >a + c\ £f,a 
is C a -bounded for every C2 ^ and i = 2, 3, 4. In particular, I? is a core of 
Ca ■ The proof follows now from || £q' 0|| ^ \\(C e i tCt + Ci Cf >a ) (p\\ < ci || jCL 1 "* 0|| 
for e V. □ 

Theorem 4.2. The operators 

C , C Q = Co + Q - Q J , C Q + Q, C -Q J , (21) 

defined on D, are essentially self-adjoint. Every core of C a is a core of the 
operators in line pip . 

Proof. We restrict ourselves to the case of Cq. We check the assumptions 
of Nelson's commutator theorem ([T7], Thm. X.37). By Lemma [6.31 it suf- 
fices to show ||£ Q 0|| < const H^Vll and \{C Q <j>\C ( aU) ~ ( Cf' '0| C Q <f>)\ «S 
const ||(£i 1) ) 1 / 2 0|| 2 for G V. The first inequality follows from Equation (gDJ). 
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To verify the second inequality we observe 

|(£q0|£( 2 )0)-<4 2 )0|£q0)| (22) 

< Ci ( Q(f> | £/,a</>) - ( £/,a0 | Q4>) 

+ Cl \(Q J >| - (£/, a 0|Q J >) 

< £,0| Q0> - <Q0| £/0>| + ((£/</> \Q J q>) - ( Q J <t> \ C f <j>) 

where we used, that [H% i+ , {H® + ) J } = 0. Let K t £ {G h Hj} and 77, rf e 
{g 1/2 , (1 + g) 1/2 }. We remark, that 



[$a(TtKi)$a'tfKa),£f, a ] = *$«,(* (1 + a) jjJifi) iifa) 

+ i Safari) $ a /(i(l + a) 77' X 2 ) 
PafaF), £ /iQ ] = i$ (i(l + a) V F). 

Hence, for 4> g dom(£a ), we have by means of (|10l) that 

|(0 1 [Sofalfi) #„/(»/ Jf 2 ), £/,a]0>| s$ const ||£^ Q 2 0|| 2 

1/2, 



(23) 



(24) 



[$„ £/,a]0>| S$ Const ||£^0|| || (£e/,a 



Thus, is bounded by a constant times || (£i 1 ') 1 / 2 0|| 2 . The essential self- 
adjointness of £q follows now from estimates analog to ([23]) and (|24| , where 
£/. a is replaced by £/ in |23|) and in the left side of ([24]) . For Cq+Q and Cq—Q j 



one has to consider the commutator with £i 3 ' and , respectively. 



□ 



Remark 4.3. In the same way one can show, that H is essentially self-adjoint 
on any core of Hi := H e i + dT(l + a), even if H is not bounded from below. 

5 Regularized Interaction and Standard Form of 9% 
In this subsection a regularized interaction Qn is introduced: 

Q N := {^(Gjy) $p(H N ) + h. c. } + * P (F„). (25) 

The regularized form factors Gjv, Hn, Fn are obtained by multiplying the 
finite rank projection Pjv := 1[-Hei ^ -W] from the left and the right. Moreover, 
an additional ultraviolet cut-off l[a N], considered as a spectral projection, 
is added. The regularized form factors are 

G N {k) := l[a < N]P N G(k)P Nl H N {k) := l[a ^ N]P N H(k)P N , 
F N (k) := 1[q < N}P N F(k)P N . 
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Lemma 5.1. i) Qn is essentially self-adjoint onT> C dom(QAr). Qn is affiliated 
with 9JI/3, i.e,. Qn is closed and 

x'Q N aQ N x\ Vi'e^. 

ii) Cq + Qn, Co — JQnJ and Co + Qn — JQnJ converges in the strong 
resolvent sense to Co + Q, Co — JQJ and Co + Q — JQJ, respectively. 

Proof. Let Qn be defined on T>. With the same arguments as in the proof of 
Theorem 14.21 we obtain 

HQj^ll < C\\£f, a <f>\\, \{Q N ct>\L f , a <i>) - (C f , a <t>\Q N <f>)\ < CWiCf^ 2 ^ 2 , 

for (j> £ T> and some constant C > 0, where we have used that ||F/v||„, < oo. 
Thus, from Theorem 14.21 and Nelson's commutator theorem we obtain that T> 
is a common core for Qn, Co + Qn, Co — Qn, Co + Qn — Qn an d for the 
operators in line (f2"Tj) . A straightforward calculation yields 

lim Q N (p = Q(j>, lim JQnJ^^JQJ^ V0e£>. 

N— >oo >oo 

Thus statement ii) follows. 

Let Nf := <2T(1) (g)l + l(g)c£r(l) be the number-operator. Since dom(7V/) ^ p 
and Wp{f) J : dom(7V / ) -> dom(iV)), see g], we obtain 

QN{A®l®Wp{f)) J (f> = (A®l®Wp(f)) J Q N ^ (26) 

for A £ B(H e i), f £ f and <j> £ T>. By closedness of Qn and density arguments 
the equality holds for <j> £ dom(Qjv) and X £ 9Jt^ instead of A (8 1 <S> Wp(f)- 
Thus Q N is affiliated with 9% and therefore e ltQN £ fflp for t £ JR. 

□ 

Lemma 5.2. We /lawe /or X £ SOT/3 and i G It 

T t (X) = e ^(Co+Q) X ^t(Co+Q) ^ T (x) = e it(C -Q*) x jt(C -QJ) (27 ) 

Moreover, r t (X) £ DJlp for all X £ tyflp and fgE, such as 

E Q (t) := e it(Co+Q) e -itCo ^ e ttC Q ^rtiCo-Q- 7 ) 

Proof. First, we prove the statement for Qn, since Qn is affiliated with *H^j 
and therefore e lt Q N £ SUt^. We set 

r N (X) = e^i^ + QN) x e -it(c a + Q N ) ^ T t {X) = e lt (c + Q) x e -it(c a + Q) 

(28) 
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On account of Lemma |5. II and Theorem 14.21 we can apply the Trotter product 
formula to obtain 

r t N (X) = w-lim n _ foo (e^ Co e i ^) n X(e- i ^ N e^")" 

= w-lirnn^oc r? (e 1 ^ Qn ■ ■ • r| (e l * Q " X e" 1 £ Qjv ) • • • e _i » Qjv ) . 

Since e l n® N ,X £ 971,3 aud since r° leaves SJt^ invariant, t^ 1 {X) is the weak 
limit of elements of CDt/3, and hence t^(X) £ 9Jlp. Moreover, 

f t (X) = w-limjv^oorfCX) e Mp. 

For £7jv(t) := e H ( Co + Qx) e - it£ ° £ B(JC) we obtain 

e it(C + Q N ) e -itC = s . limn ^ ( e i i £ 0g * g -<t£„ 

= s-lim„^ oc r| (e 1 ^ Qw )r| (e 1 ^ Q " ) • • • r| (e* » Qjv ) e 9%. 

By virtue of Lemma O we get E Q (t) := e it(c + Q) e -itc _ 
w-limAT-^oo En(£) £ dJlp. Since J leaves T> invariant and thanks to 
Lemma 15.11 we deduce, that I? is a core of JQnJ- Moreover, we have 
e -itQ N — j e itQ N j g <jjf[' Since we have shown, that f N leaves DJtp invariant, 
we get 

T t N (X) = w-lim n ^ 00 ( e ^( £ «+««) e ^(- Q «)) n X(e-^(- < 3«' e -i±(A,+Q*))n 
= w-lim™ ff (e"* ^ <3« • • • f f (e-* * «S X e* * Q ") ■ ■ ■ e* 
= r t N (X). 

Thanks to Lemma \5. II we also have 

T t (X) = w-lim rwoo T t N (X) = w-liniN^oo ff (X) = r t (X). (29) 

The proof of t°(X) = e HCo-Q J ) x e mc a -Q J ) f n ows analogously. Using the 
Trotter product formula we obtain 

^t(c +Q N ) e -rtc = s _ umtwoo (e i » £o e < » 0jv ) n e _it£o 

= s-lim n oo r| (e^ Qw )r| (e^ Q ~ ) • • • r| (e^ Q ~ ) 
= s-hm^oo ( e ^^-g, J ) e iiQ N )» e -«(£o-QO 

_ e it(Co+QN-JQNJ) e -it(C -Q N J ) 

By strong resolvent convergence we may deduce i5(t) = e lt£<J e -1 *'^ 0- ^' 7 * 1 . □ 

Let C be the natural positive cone associated with J and Oq and let 971^™° be 
the r-analytic elements of VJlp, (see [4]). 
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Theorem 5.3. Assume Hypothesis^ and n P £ dom( e - /3 / 2 ( £ ° + <3 >). Let fl? := 
e -/J/2(A + Q)ng. Then 

JQP = QP, ^ = e^^-^ng, (30) 

Furthermore, ft 13 is separating and cyclic for 9Rp, and £ C. The state cu^ 
is defined by 

u p {X) := \p 3 \\- 2 (SI? \XSlP), X eWlfs 
is a (t, (3)-KMS state on Mp. 

Proof. First, we define Q(z) = e~ z ^ 0+QS > ^ for z £ <D with < Rez < (3/2. 
Since Q$ £ dom( e -' 3 / 2 ( £ o+Q)) 5 i s analytic on 5^ /2 := {z G (D : < 

Re (2) < a} and continuous on the closure of see Lemma lA. 21 below. 

► Proof of J £1(0/2) = n(j9/2): 

We pick 4> £ U neN ranl[|£ | < n]. Let f(z) := (0|,7fi(z)) and 

g(z) := (e-( /3 / 2 -^ £o 0|e _2(£o + Q) ^). Both / and 3 are analytic on S p/2 
and continuous on its closure. Thanks to Lemma [5.21 we have Eq(t) £ 971,3, 
and hence 

f(it) = (<f>\jE Q (t)n$) = (0\e-e/ 2C °E Q (tynP) - g (u), tel. 

By Lemma |A.1( / and g are equal, in particular in 2 = [3/2, Note that <fi is 
any element of a dense subspace. 

► Proof of G dom(e' 3 / 2 ( £ «-«' 7 )) and Sl(0/2) = e /V2(A,-Q J ) qP. 

Let <p £ U JlgN ranl[|£ - Q J \ < n]. We set g(z) := 
(e^o-Q^ <t>\e- zC °n$). Since E Q {t) J = e «(A-Q J ) e ~ lt£ ", 5 coin- 
cides for z = itwith/(z) := ( <f> | J' $7(5") ). Hence they are equal in 2 = (3/2. 
The rest follows since e^/ 2 (■ Co_( 3' 7 ) is self-adjoint. 

► Proof of Cq £1(0/2) = 0: 

Choose G lJ ngN ran 1[|£q| < n]. We define g{z) := 

(e- Y£ «^|e z ( £ °- Q ' 7 )^) and /(z) := (cj)\£l(z)) for z in the closure 
of Sfj/2- Again both functions are equal on the line z = it, t £ R. 
Hence / and 3 are identical, and therefore £1(0/2) £ dom(e~' 3 / 2 ' CQ ) and 
e -/3/2£ Q 0(^/2) = fi(/3/2). We conclude that Cq £1(0/2) = 0. 

► Proof of J X* £1(0/2) = e-W 2£ «I!](^/2), VI G SOt^: 
Fore A £ 9Jl a p na we have, that 

JA*£l(-it) = JA*E Q (t)n$ = e-P/ 2Co E Q (t)*An$ 

_ e -(P/2-it)C e -it(C +Q) 
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Let € U„ G N ranl [l £ o| «S n]. We define f(z) = ( <f> \ J A* Sl(z) ) and 
g(z) = ( e~( ,3 / 2 ~ 2 )' Co | r iz (A) Q(z) ). Since / and g are analytic and equal 
for z = it, we have JA*Vl((3/2) = T i/3/2 (A)Ct(P/2). To finish the proof we 
Pick cj> g U„eN ranl [l £ Ql < »]» and set /(*) := (0|r«(A)O(/3/2)) and 
g(z) := (e~ zt Q(f)\AQ(l3/2)). For z = it we see 

ff (it) = (0|e- it£ «Ae it£ «fi(/3/2)) = (<t>\ T - t {A)Sl(J3/2)) = /(it). 

Hence 4fi(/3/2) e dom( e -' 3 / 2£ «) and J A* £1(0/ 2) = e -"/ 2£ « Afi(/3/2). 
Since 971^™° is dense in the strong topology, the equality holds for all X € QJt^ . 

► Proof, that fi' 3 is separating for 971^ : 

Let A e 9Jt£"°. We choose e U„ eN ranl[|(£ + Q)\ < n]. First, we have 
J A* £1(0/2) = r i0/2 (A) £1(0/2). 

Let U(z) = (<P\t z (A)£1(0/2)) and = (e^+Q) ^\ Ae -(f3/2+z)(c„+Q) n ^ 

for — (8/2 ^ Rez < 0. Both functions are continuous and analytic if —0/2 < 
Rez < 0. Furthermore, f<f,(it) = g<j>(it) for t e R. Hence /^ = and for 
z = -0/2 

(<j>\JA*£l(0/2)) = (e-^ 2(£o+<? V|Ang). 

This equation extends to all A e 971/3, we obtain A£l^ e dom(e~ /3 / 2 ( £ "+<2)), 
such as e -W2(WQ)iSlg = J A*n(/8/2) for A e 971/3. Assume 
A*0(/3/2) = 0, then 

e -/3/2(£ +Q) j 4^^ = o and hence AQ^ = 0. Since £1$ is separating, it follows 
that A = and therefore A* = 0. 

► Proof of fl 13 e C, and that £l 13 is cyclic for SCTt^: 

To prove that e C it is sufficient to check that ( (f> \ AJA£l^ ) ^ for all 
A e 971/3. We have 

(nG8/2)|A74fig) = (J-A*fi(/3/2)|Afig) 

= ( e -/3/2(£o+Q) Afig | Afig) > 0. 

The proof follows, since every separating element of C is cyclic. 

► Proof, that lu 13 is a (r, /3)-KMS state: 
For A, B e M/3 and z e Sp we define 

B, z) = c{e- l ~/ 2C( *A*n fs \e lz/2C ^B£l (3 ), 

where c := ||f2 ,9 ||~ 2 . First, we observe 

F P {A, B, t) = c(e- lt/2C ^A*£l' 3 \e lt/2CQ B£l 13 ) = c ( £1? \Ar t (B)£l^ ) 
= ^(Ar t (B)) 
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J*{T t {B)A) = c(T t {B*)Sl (, \ASl f> ) = c{JAQ, f3 \jT t {B*)n t3 ) 
= c(e- fj / 2C * A*^ \e-^ 2C ^T t (B)^ ') 
= c ( e ^WTT)/2C QA * n f} | ^ {ip+t)/2C Q m p } 

= F P (A, B,t + i/3). 

The requirements on the analyticity of Fp(A, B, •) follow from Lemma IA. 2 1 □ 



6 Proof of Theorem 11.31 

For s„ := (s n , . . . , si) € R™ we define 



(s n ) := Qn{s„)---Qn(si), Qn{s) := e- s£o Q w e s£o , s € R (31) 



At this point, we check that Qjv(s ra )f2g is well defined, and that it is an analytic 
vector of Co, see Equation (|25|). The goal of Theorem 11.31 is to give explicit 
conditions on B e i and W, which ensure SIq £ dom(e"^ 2 ( £o +5) ). Let 



■■= J (}\G(k)f B(Hel) + \\B(k)\\l {n J(2 + 4a(k)- 1 )dk (32) 

The idea of the proof is the following. First, we expand er^/ 2 ^ Ca+( ^ N ^e Ca in a 
Dyson-series, i.e., 

e -l3/2(Co+Q N ) e C (33) 



OO n 

= l + ^(-l)« / 



e~ SnCo Q N e s " Co ■ ■ ■ e~ SlCo Q N e Sl c ° ds n . 



n=l A p/2 



Under the assumptions of Theorem 11.31 we obtain an upper bound, uniform in 
N, for 

(fig | e-^ Co+Q ^n$) (34) 
n=l Ja p 



This is proven in Lemma [6.41 below, which is the most important part of this 
section. In Lemma 16.11 and Lemma 16.21 we deduce from the upper bound for 
([34]) an upper bound for ||e -(/3/2)(£o+Qjv) f^|| , which is uniform in N. The 
proof of Theorem 11.31 follows now from Lemma 16.31 where we show that fig £ 
dom(e-^/ 2 )( £o +«). 
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lim sup sup 



1/n 



< 1. 



Lemma 6.1. Assume 

QN(s n )ds, 

i. " 

/or a// ffeN. J7ien ^ £ dom^-^ 1 ^")), < a; < /3/2 and 

OO „ 

e -*(£o+QN)tf =n o + ^2(-l) n / Q^(g„)^da». (35) 

n=l Ja S 

Ttt, i/iis context A™ = {(si,..., s„) g R™ : ^ s„ ^ . . . ^ s\ ^ x} is a 
simplex of dimension n and sidelength x. 

Proof. Let tfi £ ranl[|£o + Qn\ ^ k] and x ^ (3/2 be fixed. An m-fold 
application of the fundamental theorem of calculus yields 

m „ 

( e -« (£ +q„) 1 e * a. ng } = ^ | ng + / ^ q^j d £ „ ) 



m+l 



-s„ l+ i (£ + Qn)a I „Sm+l Co 



A" 



V|e^+ l£ ° Q N (s m+1 )tf )ds m j£Q) 



Since £ = we nave f° r r Um+i) : = ( s m _ ■ . . , si — Sm+i) that 



Qw(s m+ i) fi o = QNQN(r(s m+1 ))n^, 



We turn now to the second expression on the right side of Equation (f56"j) , after 
a linear transformation depending on s m+ i we get 



( _ ir+1 n 



N 



A" 



QN{r m )%dr m )ds m+ i 



Since He"^ 1 (£ ° + Qn ~> <f>\\ < e l3 / 2k \\(j>\\, and using that Qjv(r m )fig is a state 
with at most 2m bosons, we obtain the upper bound 



const \\<p\\ \J (2m) (2m + 1) sup 



/ <9ivfcm)^0 d Li 

J A™ _ 



Hence, for m — > oo we get 

( e^+^V I ng ) = ( | fig + / Q"UJ ^0 



Since IJfcLi ran l[|^o + Qn\ ^ fc] is a core of e x (A> + Qn)^ ^he proof follows 
from the self-adjointncss of e - x (A~> + Qn) _ rj 
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Lemma 6.2. Let < x < (3/2. We have the identity 

(Q N (r m )n$\Q N (s n )n o )dr m ds n (37) 
l[z m ^ f3- x ^ x ^ z m+1 }{n^\Q N (z n+m )n^)dz n+m . 
For m — n it follows 



QN{s n )n%ds n 



A 2 " 



\(n o \Q N (s 2n )n%)\ds 



2 1 1 ■ 



(38) 



Proof. Recall Theorem 13.11 and Lemma \5. II Since J is a conjugation we have 
( 4> | ) — (<Jip\tJ and for every operator X, that is affiliated with 371/3 , we 
have JXOg = e-' 9 / 2£o X*^. Thus, 



< Qivfc Jflg | QatUJ ) ( 39 ) 
( e^/ 2£o QivfeJ* fig | e~P/ 2C ° Q N (r m y fig ) dr m ds„ 



A "/2 JA "/2 



Since £o fig = we have 

e- pCa Q N [r m y fig = QnW - n) • • • Qjv^ - r w ) fig. 

Next, we introduce new variables for r, namely yi :— j3 — r m _j+i. Let -D^/ 2 : ~ 
{y € R m : ,3 — x < y m < . . . < y% < /3}. Thus the right side of Equation 
(|3lfj) equals 



{W \Q N {s n )Q N {yJ*nl)ds n dy m 
l[z m ^ /3 - x ^ x ^ z m +i] (fig I Qjv(i„ +m )^o 



n+ra ' 



The second statement of the Lemma follows by choosing n = m. 



□ 



Lemma 6.3. Assume sup NeK \\ e ~ x(Co+QN ' l ^o\\ < 00 then e 
dom(e -x ( £( > +Q )) and 

l| e -*(£a+o)ng|| <^ sup Ue-^o+^ngH 

JVEN 

Proof. For / € Cq°(]R) and £ JC we define ^jy := /(£o + Qn)4>- Obviously, 
for g(r) = e~ xr f(r) £ C^°(R) we have e- x{ ~ Co + QN ^ N = g{C + Qn)4>- 
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Since £q + Qn tends to Cq + Q in the strong resolvent sense as N — ¥ oo, we 
know from |16| that limjv^oo ipjy = f(Co + Q) 4> =: ip and 

lim e- x ^ + Q ^i) N = lim g{C Q + Q N )(j) = g(£ + Q) = e~ x{Co+Q H- 

N—too N—too 



Thus, 



|( e -*(A>+Q) = lim Ke-^+^Vjv | fi£ )l 

TV — >-oc 



sup \\e- xiCo+Q ^n^\\ II^H, 



Since {f(C + Q) «/> € /C : <p G tC, f G Cg°(R)} is a core of e -< Co+Q \ we obtain 
G dom(e- a: ( £o+Q) ). □ 



Lemma 6.4. For some C > we have 



I <n£|Qjv(a B )ng) 

/ (8Cr? ) 1 / 2 x n 

< const (n + I) 2 (1 + PT fa + ( „ + ^1-^/2 ) > 



where rj and r] 2 are defined in (|32p . 

Proof of \6.4\ First recall the definition of Qat and Qat(s„) in Equation (|25 
and Equation (|3"Tj). respectively. Let 

\(nP\Q N (s n )n%)\ds n =: [ p n JnW,s)ds n , 



The functions J„(/3, s) clearly depends on TV, but since we want to find an upper 
bound independent of N, we drop this index. Let W\ — $(G) + h. c. , 

W 2 := $(F) and W :~ Wi + W 2 . By definition of cj^ in (pTT]i . see also (fP3|) . 
we obtain 



J 



n tf, s n ) = (4 (ie-P '» B " W H «)...{ e -P^ H °We^' Ho )) 



K.e{i,2}" 



By definition of to ^ it suffices to consider expressions with an even number of 
field operators. In the next step we sum over all expression, where n\ times 
W\ occurs and 2n 2 times W 2 . The sum of n\ and n 2 is denoted by m. For 
fixed n\ and n 2 the remaining expressions are all expectations in of 2m field 
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operators. In this case the expectations in u>j can be expressed by an integral 
over R 2 ™ 1 x {±} 2m with respect to v, which is defined in Lemma IA.4I below. 
To give a precise formula we define 

M{ mi , m 2 ) ={ K £ {1, 2}" : ^^({i}) = m*, i = 1, 2}. 

Thus we obtain 

J„(/3, s n ) = (Z)- 1 Y, E j v(dk 2m ®dr 2m ) (40) 

ni+2n 2 =n m:=ni + n 2 

Of course depends on k 2m x r 2m , namely for = 1,2 we have 



Ij(m, t, m', r'), «(j) = 1 
Ij(m, r), = 2, 



where (m, r), (to', r') G {(%, Tj) : J = 1, . . . , m}. For k(J) = 1 we have that 

Ij(m,+,m',-) = G*(m)H(m') + H*(m)G(m') 

Ij(m, -, m', +) = G(m)H*(m') + H(m)G*(m') 

Ij(m,+,m',+) = G*{m)H*{m!) + H*(m)G*(m') 

Ij(m, -, to', -) = G(m)H(m') + H{m)G{m') 

and for n{j) = 2 we have that 

Ij{m,+) = F*{m) 
I^m, -) = F(m). 

In the integral (jiT)]) we insert for (to, t) and (to', t') in the definition of Ij from 
left to right k 2m , T 2m , ■ ■ • , h, n. 

For fixed {k 2rn ^ 2m ) the integrand of (|4Tfl) is a trace of a product of 4to oper- 
ators in Hei- We will apply Holder's-inequality for the trace, i.e., 

2m 2m 

I Tr nel {A 2n B 2m ■■■A 1 B,}\ [] ||^|| B(Kei) • [] Tr n JA p / yl\ 

i=i i=i 

In our case pi :— (sj_i — s^) -1 for i = 2, . . . , 2to and p\ := (1 — Si + S2m) _1 
and 



(A,-, ^ 
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We define 

rn(k) = maK{\\G(k)\\ B (n el y, \\H(k)\\ B{n<iir } 

m {k) = va^{\\F{k)H^ + \\ B{HBl) , \\F*(k)H-l\\ B(nel) }. 

By definition of Bj we have 

{rii (m)rii (m 1 ) , K(j) = l 
9 - (41) 

Furthermore, 

< ||e-*- Tr« ei (e-W-)^}'", = 2 

Let E'gs := inf <r(H e i). The spectral theorem for self-adjoint operators implies 

\\e- eH " H^n^] < sup e- ep . rlr (r - £ gs + 1)t < e^>7 e~ ep " ~ l >. 

E g , 

Inserting this estimates we get 

Tr-H , {e~ il3 ~ P( Sl ~ S2 "' ))H "/ 2 rae^ (s2m ~ 1 _ S2m) H " 1 ■ ■ ■ e~ p (si " S2) Hcl h } 

2 in 

where 

n-l 

C«(sJ := (1 - si + s„)- Ql " ^+i)" Q ' ( 42 ) 

i=i 

and 



0, = 1 

1/2, n{i) = 2 



(43) 



Now, we recall the definition of v. Roughly speaking, one picks a pair of 
variables (fcj, fcj) and integrates over Sk^kj coth(/3/2a(fej)) dkidkj. Subsequently 
one picks the next pair and so on. At the end one sums up all pairings 
and all 4 m combinations of T 2m . Inserting Estimate (HIT) and that 

r]u(k)vw(k) coth(/3/2a(fc)) dfc sC (1 + /T^/V/, 2 , 
we obtain 

£)K <i±p: E E (^(cire^cu, 

(»l,n 2 )ellg KSMCnx, 2n 2 ) 
ni+2n 2 =n m:=ni+n 2 
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By Lemma [A. 3 1 below and since (2m)!/(m!) 2 ^ 4 m we have 

\(n$\Q N (8 n )a%)\ds n 



< const(l + (3) n 



(ni,»2)eNg 
ni + 2ri2 = n 



„\ (8 2l )"^ (8C"77 2 )^ 



.n^ (n + l)( 1 - 2 T)"2- 2 
This completes the proof. □ 



7 The Harmonic Oscillator 

Let L 2 (X, d/i) = L 2 (R) and H e i =: H osc := — A g +6 2 g 2 be the one dimensional 
harmonic oscillator and H p h — £ 2 (R 3 ). We dehne 

H = H osc + 3>(F) + ff, JT := dT(|fc|), (44) 

where = g • $(/), with A (|fc|- 1/2 + ^Z 2 ) / E L 2 (R 3 ). 

-ff osc is the harmonic oscillator, the form-factor F comes from the dipole ap- 
proximation. 

The Standard Liouvillean for this model is denoted by C osc . Now we prove 
Theorem 11.41 

Proof. We define the creation and annihilation operators for the electron. 

= A = . P = ~id x , (45) 

$(c) = ci g + c 2 p, for c = c a + ic 2 E €, q € R. (46) 

These operators fulfill the CCR-relations and the harmonic- oscillator is the 
number-operator up to constants. 

[A, A*} = 1, [A*, A*} = [A, A] = 0, H osc = QA* A + 8/2, (47) 
[H osc , A] = -QA, [H osc , A*} = OA*. (48) 

The vector :— (— 4 e~ Bq I 2 is called the vacuum vector. Note, that one 
can identify F b [<C] with L 2 (R), since LH{(A*)" Q \ n E N } is dense in L 2 (R). 
It follows, that Lo°p c is quasi-free, as a state over W((D) and 

u>f c {W{c)) = (Z)- 1 Tr nel {e-^W(c)} = exp ( - 1/4 coth(/36/2) |c| 2 ), 

(49) 

where Z = Tr^ ci {e is the partition function for H e i- 

First, we remark, that Equation (|3Tj) is defined for this model without reg- 

ularization by Pn ■= l[if e / ^5 N], Moreover we obtain from Lemma l6.2[ 
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that 

2 



Q(s n Kds 2n </ \(n^\Q(s 2n )^ )\ds 2n =: h 2n (f3,\). 



(50) 

To show that fi' 3 g dom(e 0/ 2 (A> + Q)) j s su Qi C es to prove, that 
En = o h 2n(P, A) 1 / 2 < oo. We have 

h 2n (P, A) = / W ^((e-^- ff " ge*"""-') (51) 

• W J((e-^ 5 $(/) *) • • ■ (e~^ 5 $(/) *)) <fe 2n . 
Moreover, we have 



e ^ ' " q e 



= (2Q)- 1 / 2 (e-^ @Si A* + e? es 'A) 



* " $(/) e* 3 s - 5 = 2- 1 / 2 (a* (e-' 3 Sl |fc| /) + a(e^ s ' /)) . (52) 

Inserting the identities of Equation (|52|) in Equation (fSTj) and applying Wick's 
theorem [5j p. 40] yields 

/i 2n (/?, A) = (/?A) 2n / E II K ^c(h - s -\, p) 



/A i PeZ 2 {i,j}£P 



P'&z 2 {k,i}eP' 

(/3A) 2 " 



/ Ell K osc (\ Si - Sj \,l3)K f (\s k - Sl \,/3)ds 2n , 

(53) 



(2n)! y [0il]a » P;P , eZ2 { . , }ep 



where for /c < Z and i < j , such as 

K f (\s k - ai\, P) ■= uf((e-^"' 6 9(J)eP"- 6 )(e-P" 6 9{f)e^ 6 )) 
K osc (\ Si - Sj \, p) := w ^(e-"- ff - ^""^ e-"»< ff - ge"'J 

The last equality in (|53|) holds, since the integrand is invariant with respect to 
a change of the axis of coordinates. 

We interpret two pairings P and P' £ Z 2 as an indirected graph G = G(P, P'), 
where M 2n = {1, . . . , 2n} is the set of points. Any graph in G has two kinds 
of lines, namely lines in L osc (G), which belong to elements of P and lines in 
Lf(G), which belong to elements of P'. 

Let G(A) be the set of undirected graphs with points in A C M 2n , such that for 
each point "i" in A, there is exact one line in Lf(G), which begins in "i", and 
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exact one line in L osc (G), which begins with "i". Q C (A) is the set of connected 
graphs. We do not distinguish, if points are connected by lines in Lf(G) or by 
lines in L osc (G). 
Let 

V k := {p : P = {A u A k }, ^ A i C M 2n , 

k 

A, n Aj = for i ^ j, |J ^ = M 2n } 

i - 1 

be the family of decompositions of M 2n in k disjoint set. It follows 

hM A) = E I n K osc (\ Si - Sj \, p) 

{fe, i}ei/(G) 

X>(K - Si |,/3)ds n 

= w E E En ^ a., 

V ' k=l {A 1 ,....A k }eV k (G 1 ,...,G fe ) a = l 

G a ee c (A a ) 

- (/3A)2n e h e En a. & 



(2n)! ^ fc! 

v ' k=l A i i t CM 2 „, (Gi G k ) a = l 

{A lt ...,A h }ev h G a eg c (A a ) 



(54) 



where 



J(G a , A a , p) := J 11 K osc (\ Sl - 8J \, (3)K f {\s k - 8i\, P)ds. (55) 

{k,l}EL f (G a ) 

J A ds means, J", dsj 1 f . dsj 2 . . dsj m , where A a — {ji, . . . , j m } and 
#l n = m. 

From the first to the second line we summarize terms with graphs, having con- 
nected components containing the same set of points. From the second to the 
third line the order of the components is respected, hence the correction factor 
■h is introduced. Due to Lemma 17.21 the integral depends only on the number 
of points in the connected graph, i. e. J(G, A, j3) — J(#A, (3). Moreover, 
Lemma O states that /3* A ■ J(#A, /3) {2\\\k\~ 1 / 2 f\\ 2 {Q P)" 1 )^ (C (3 + I). 
To ensure that Q c {A a ) is not empty, #A a must be even. For (mi, . . . , rrik) € N fc 
with mi + • • • + rrik = n we obtain 

V 1 = {2n)l (56) 

Al Ah .k,*^ t (2m 1 )!-(2m fc )!' [ ] 

{A lt ...,A k }ep k 
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Let now be A a C Mi n with #j4 q = 2m a > 2 fixed. In G a are #A a lines in 
L osc (G a ), since such lines have no points in common, we have J^T^a c h°i ces - 
Let now be the lines in L osc (G a ) fixed. We have now ((2m a — 2)(2m a — 4) • • • l) 
choices for m a lines in Lf(G a ), which yield a connected graph. Thus 

£ i-^(<^-»<^-«)-0-^. <»» 

For #A a = 2 exists only one connected graph. We obtain for h% n 

h2n w, a) = (A)- f: i e n J(2ma 2 f a (/?2)ma ( 5s ) 

fc = 1 (mi,.,mi)£ll' = 1 ° 

mi +...+ m fc = n 

< (2e- 1 |||*|- l/a /l|A)*'£i E A + 



fc! ^ 11 2m a 

s = l (m, m t )e«' a — 1 

mi +. . .+ mfc — n 



< (29- 1 |||fcr 1/2 /|| A) 2 " E ^ + 1)/2 ^"^i'» 



k\ 

k = l 



Since the Y^™ , — can be considered as a lower Riemann sum for the integral 

L — jtci— 1 m ° 

/™ + dr, we have ^ = 1 ^ ^ ln(n + 1). Thus, 



MM) < (2e-|IW-^/l|A)-E ((C ' + 1)/ t 2 ,""" + 1)) W 



2n 

fc! 

fc=i 

< (26- 1 |l|fcr 1/2 /ll A) 2n (n + i)(C/3 + D/2. 

Since 2| A| || Ifcl 1 / 2 /|| < 9 the series X^m^o fan (A A) 1 / 2 converges absolutely for 
all $ > 0. It follows, that 

exists. □ 
Conversely, Equation (|58l) and Lemma [7T21 imply 

r ff 2 A 2 /4|/(fc)| 2 „\ n 
h (R \\ ^ l \ ln\2n J{^ P) P*" { J sinh(|fc| ff/2) sinh(ff 0/2) flK ) 

ri2n{P, A) ^ (A/2J — - — . 

(60) 

Hence for every f3 > exists a A € R, such that /i2n(p\ A) ^ Thus 

e: =1 ^(aa) i/2 = oo 

Remark 7.1. We can therefore not extended Theorem 11 to an existence proof 
for all A > 0. 
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Lemma 7.2. Following statements are true. 

J(G,A, p) = J(#A,0), GeG c (A) 
J(#A, p)^{2\\\k\- 1 ' 2 f\\ 2 {Qp)- 1 )* A -(Cp + 1) 



j{#a, (3) > (e- 1 



sinh(|fc|/?/2)sinh(9/3/2) 
where f/=A = 2m and C = (1/2) ||| fc ji/2 ■ 



Proof of \7.S\ A relabeling of the integration variables yields 



J{G, A, 0) < Kf / K oae Qt 1 -t 3 \,P)K f (\t 2 - 
J[o,i] 2m 

' ' ' Kosc(\t2m-l — ^2m|, P) dt 

for Kf :— supggrQ!] Kf(s, j3). We transform due to Sj := — tj+i, i ^ 
2m — 1 and S2m = ti m , hence —1 sC s, ^ 1, i = 1, . . . , 2m, since integrating 
a positive function we obtain 



J(G, A, [3) < (J K osc (\s\, P)d s y(J K f (\s\, 0)da) 



m — 1 



sup K f (s, (3). 
se[o,i] 



We recall that 



/' jwm, ffl* . (26)- /" 5«L_|^,« . 2( e^)-. 

7-i J-i sinh(e/3/2) 



and 

1 k (\ I f 1 / ^MIM |fc|-/3|fc|/2)|/(fc)| 2 „, 
^/(W, = J J 2 sinh(p^|/2) dkds 

-2f^dk 

- 2 J m dk - 

Using coth(:r) ^ 1 + 1/x and using convexity of cosh, we obtain 



sup K f (s, p) sC (1/2) / \f(k)\ 2 dk + - / ^rf-dfc. 

«6[0,1] J P J l fe l 

Due to the fact, that i i-> Kf(t, /3) and i >-> K osc (t, (3) attain their minima at 
t = 1/2, we obtain the lower bound for J(#A, 0). □ 
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Remark 7.3. In the literature there is one criterion for fl^ G 
dom(e - ^/ 2 + to our knowledge, that can be applied in this situa- 
tion 1$. One has to show that ||e~ ,3 / 2< 3 f2g \\ < oo. If we consider the case, 
where the criterion holds for ±X, then the expansion in X converges, 

n = y ' 

= E(A^) 2 "9-" Q2- 2n (coth(e/3/2) J \f(k)\ 2 coth(f3\k\/2)dk) n 

OO „ 

> E(A/3) 2 "(49)-"( / |/(fc)| 2 dfc)". 

n = ^ 

Obviously, for any value of X ^ 0, i/iere is a f3 > 0, for which We-P^Qn^W < 
oo is not fulfilled. 
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Lemma A.l. Let f, g : {z G (D : ^ Re (z) $C a} — > (D continuous and 
analytic in the interior. Moreover, assume that f(t) — g(t) for t G 1R. Then 
I =9- 

Proof o/[X21 Let h : {z G C : | Im (z) < a} -> C defined by 

h(z) ._ j f(z) - g{z) , on{z6 <D : < lm{z) < a} 
[Z> ' \f(z)-g(z), on {z G C : -a < lm{z) < 0} 1 ' 

Thanks to the Schwarz reflection principle h is analytic. Since h(t) = for all 
t G M, we get h = 0. Hence / = p on {z G (D : ^ Re (z) < a}. Since both 
/ and g are continuous, we infer that / = g on the whole domain. □ 

Lemma A. 2. Let H be some self-adjoint operator in %, a > and cf> G 
dom(e aH ). Then <p G dom(e zH ) for z G {z £ C : < ife(z) < a}, 
z i— > e zH (f) is continuous on {z G C : ^ Re(z) ^ a} and analytic in the 
interior. 
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Proof of \A.S\ Due to the spectral calculus we have 

e 2Rc zs d(cf)\-E s <f)) sC J (l + e 2as )d((t>\M s (/>) =: C\ < oo. 
Thus 4> G dom(e 2ff ). Let ip € H and /(z) = (i/> | e z H <f>) . There is a sequence 

{lp n } With V>n G UmGN ran ^l^l ^ m ] and Um "->°o = ^- We Set /„(z) = 

(V> n \e zH (f>). It is not hard to see that f n is analytic, since i[i n is an analytic 
vector for H, and that \f n (z)\ < Ci ||^„|| and lim^oo /„(z) = /(z). Thus 
/ is analytic and hence z i— > e 2 ff is analytic. Thanks to the dominated 
convergence theorem the right side of 



- e zff </>|| 2 ^ y (e 2 ^-* + e 2 *^ _ e *.«+w _ e Zs+2 " s )d(0 1 E s <j>) (62) 

tends to zero for linin^oo z n — z. This implies the continuity of z >— > e zH (f>. □ 
Lemma A. 3. We have for n\ + ri2 1 

f , N , C0I1St C" 2 

/ C K (s )ds n s? ■ — , (1 _ 2 ) 2 (63) 

J A™ ( n i + n 2)' (n + 1) ( 1)712 

Proof of \A.3[ We turn now to the integral 

„ „ n — 1 

/ C K (s)ds n = (l- ai + s n )- a > ft ( 8i - s l + 1 )- a *ds n . (64) 

We define for A; = 1, . . . , 2n, a change of coordinates by Sf. = ri — Sj = 2 r i> 
the integral transforms to 

/ (1 - (r 2 +■■■+ r„))" Ql Il^^n (65) 

= / (i - (r-2 +---+^)) i - Qi n^ Qirf ^-i 

_ r(i - ai )- l r(i - 7 ) 2 " 2 



r(m + 2n 2 (l-7)) 

where S 2n := {r e R 2n : < n < 1, r 2 H h r 2n < rj and T 2 ™ -1 := 

{r e M 2n_1 : ^ ri ^ 1, r 2 + ■ ■ ■ + r 2n ^ 1}- From the first to the second 
formula we integrate over dr\. The last equality follows from [11, Formula 
4.635 (4)], here T denotes the Gamma-function. 
From Stirling's formula we obtain 

{2ir) 1 / 2 x x - 1/2 e- x < r(a;) < (27T) 1 / 2 x x ~ x ' 2 e~ x + \ x > 1. (66) 
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Since n\ + n 2 1 get 



r(m+n 2 + l) ^ | / ni + 2(l- 7 )n 2 \-(i-27)n a 



r(ni + 2(l- 7 ) n 2 ) 

Note that r(ni + n 2 + 1) = (m + n 2 )!. □ 

Lemma A.4. Le£ (1 + a(fc)" 1 / 2 ) /i, . . . , (1 + a(fc) _1/2 ) / 2m G "H^ and cr G 
{ + ,-} 2m - Let a + = a* and a~ = a 

wf (a ff2 ™ (e- CT2 - S2 ™ Q ( fe ) / 2m ) • • • a CTl (e^ 1 51 Q « A)) 

Cfem, r 2m ) • • • /f 1 (fci, ri) K* 2m <g> aY 2m ), 



where v(dk 2m ® dr 2m ) * s a measure on (R 3 ) 2m x {+, — } 2m /or phonons, re- 
spectively on (R 3 x {±}) 2m x { + , — } 2m for photons, and 



>(dh 2m ®dT 2m )^ J2 II «rth(0a(fci)/2))dfea 



(68) 



/or /+(*, r) := /(fc) l[r = +] and /+(fc, r) := f(k) l[r 



Proof of \A.4\ Since oj^ is quasi-free, we obtain with a + := a* and a 



^ (a" 72 ™ (e- a2m S2m a{k) f 2m ) ■■■a ai (e~ ai Sl a{k) fx)) 

= E II wJ(o ff4 (e- ff «"« a W/i)o^(e-^^ a W/ J )), 

P6.Z2 {MlEP 

see Equation (fT2)) . For the expectation of the so called two point functions we 
obtain: 

wf(o + (e , « a W/0a + (e^!*)/ i )) = = ^(a(e- s ' Q « /,) a(e^ Q « /,)), 
such as 

p x (si — Sj)a(k) 

M k )Mk) ePa{k) _ l dk 

r p {fi-\-xsj— xsi)a(k) 

^( 4 -( e »"( l )/ l )fl + (c^) /j )) = / rffc 



Hence it follows 

to? (o CT2m (e- CT2m S2m Q(fe) / 2m ) ■■■a' 71 (e- CTl Sl a(fe) /i)) 

/ 2 CT m m ( fc 2m, T 2m ) • • • /f 1 (fc X , r X ) K* 2m ® aV 2m ) 
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where f+(k, r) := f(k) l[r = +] and f~(k, r) := f(k) l[r = -]. 
v{d^ 2m ^k <g> d 2m r) is a measure on (R 3 ) 2 " 1 x { + , -} 2m , which is defined by 

E E II ^.-t (69) 

-PG^ 2m ze{+,-} 2 "> {i>j}ep 

= a; (si - Sj) a(ki) (f3 - x (s» - s 3 )) a(fei) , 



□ 
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